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NON-VANISHING OF DERIVATIVES OF L-FUNCTIONS OF HILBERT MODULAR
FORMS IN THE CRITICAL STRIP
ALIA HAMIEH ANDWISSAM RAJI
ABSTRACT. In this paper, we show that, on average, the derivatives of L-functions of cuspidal
Hilbert modular forms with sufficiently large weight k do not vanish on the line segmentsℑ(s) = t0,
ℜ(s) ∈ (k−1
2
, k
2
− ǫ) ∪ (k
2
+ ǫ, k+1
2
). This is analogous to the case of classical modular forms.
1. INTRODUCTION
In [4], Kohnen proved that given any real number t0 and ǫ > 0, then for k large enough, the average
of the normalized L-functions L∗(f, s) with f varying over a basis of Hecke eigenforms of weight
k on SL2(Z) does not vanish on the line segment
ℑ(s) = t0, (k − 1)/2 < ℜ(s) < k/2− ǫ, k/2 + ǫ < ℜ(s) < (k + 1)/2.
Recently in [5], Kohnen, Sengupta and Weigel extended their method and showed a non-vanishing
result for the derivatives of L-functions associated to modular forms of integer weight on the full
group. In particular, they show that for k large enough,
d∑
j=1
1
〈fk,j, fk,j〉
dn
dsn
[L∗(fk,j, s)] (1)
does not vanish on the line segment ℑ(s) = t0, (k − 1)/2 < ℜ(s) < k/2 − ǫ, k/2 + ǫ < ℜ(s) <
(k + 1)/2.
In [3], we generalized the result of [4] to the context of cuspidal Hilbert modular forms. In order
to describe our work, we introduce the following notation. Let F be a totally real number field of
degree n overQ. Let OF be the ring of integers of F , and assume its narrow class number is equal
to 1. For k ∈ 2Nn, we denote by Sk(SL2(OF )) the space of Hilbert cusp forms of weight k for
SL2(OF ). Our main result in [3] is the following theorem.
Theorem 1. Let k = (k, k, . . . , k) ∈ 2Nn, and let Bk(OF ) be a basis of normalized Hecke eigen-
forms of Sk(SL2(OF )). Let t0 ∈ R and ǫ > 0. Then there exists a constant C depending only on
t0, ǫ and F such that for k > C the average∑
f∈Bk(OF )
Λ(f, s)
〈f, f〉
is non-vanishing for any s = σ + it0 with σ ∈ (k−12 , k2 − ǫ) ∪ (k2 + ǫ, k+12 ).
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Here, we extend the result in [3] by showing that the derivatives of L-functions of cuspidal Hilbert
modular forms with sufficiently large weight k do not vanish on the line segments
ℑ(s) = t0, ℜ(s) ∈ (k − 1
2
,
k
2
− ǫ) ∪ (k
2
+ ǫ,
k + 1
2
).
More precisely, we prove the following theorem.
Theorem 2. Let Bk(OF ) be a basis of normalized Hecke eigenforms of Sk(SL2(OF )). Let t0 ∈ R,
ǫ > 0 and ℓ ∈ N. Then there exists a constantC depending only on t0, ǫ and F such that for k > C
the average ∑
f∈Bk(OF )
1
〈f, f〉
dℓ
dsℓ
(Λ(f, s))
is non-vanishing for any s = σ + it0 with σ ∈ (k−12 , k2 − ǫ) ∪ (k2 + ǫ, k+12 ).
We obtain the following corollary as a direct consequence
Corollary 3. Let t0, ǫ, ℓ and C be as in Theorem 2. Then for k > C and any s = σ + it0 with
σ ∈ (k−1
2
, k
2
− ǫ) ∪ (k
2
+ ǫ, k+1
2
), there exists a Hecke eigenform f ∈ Sk(SL2(OF )) such that
dℓ
dsℓ
(Λ(f, s)) 6= 0.
2. SETTING AND PRELIMINARIES
In this note, we work over a totally real number field F of degree n over Q with ring of integers
OF . The group of units in OF is denoted by O×F . For simplicity of exposition, we assume that the
narrow class number of F is 1.
The absolute norm of an ideal a ⊂ OF is given byN(a) = [OF : a]. The trace and the norm overQ
of an element x ∈ F are denoted by Tr(x) and N(x), respectively. We denote by DF the different
ideal of F and by dF its discriminant overQ. We have the relationDF = (dF ) and N(DF ) = |dF |.
The real embeddings of F are denoted by σj : x 7→ xj := σj(x) for j = 1, . . . , n. We say x ∈ F
is totally positive and write x ≫ 0 if xj > 0 for all j. Moreover, we use X+ to denote the set of
all totally positive elements in a subset X of F .
To simplify exposition, we will often make use of the following notation. For c, d ∈ F , z =
(z1, . . . , zn) ∈ Cn and s ∈ C, we set
N(cz + d)s =
n∏
j=1
(cjzj + dj)
s.
Moreover, we set
Tr(cz) =
n∑
j=1
cjzj.
Let us now recall the following results which are crucial for establishing Theorem 2 (see the proof
of Lemma 8 below).
Lemma 4. (Trotabas [8, Lemma 2.1]) There exist constants C1 and C2 depending only on F such
that
∀ξ ∈ F, ∃ǫ ∈ O×+F , ∀j ∈ {1, . . . , n} : C1|N(ξ)|1/n ≤ |(ǫξ)j| ≤ C2|N(ξ)|1/n.
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Lemma 5. (Luo [6]) For λ > 0, we have∑
η∈O×+
F
∏
|ηj |<1
|ηj|λ <∞. (2)
3. FOURIER EXPANSION OF THE KERNEL FUNCTION FOR HILBERT MODULAR FORMS
Let us now define the kernel function for Hilbert modular forms over F . Let z = (z1, z2, . . . , zn) ∈
Hn, k ∈ 2N and let s ∈ C with 1 < ℜ(s) < k − 1. We have
Rs,k(z) = γk(s)
∑

a b
c d

∈T\SL2(OF )
N(cz + d)−k
N(az + b)−s
N(cz + d)−s
, (3)
where T =
{(
ǫ 0
0 ǫ−1
)
: ǫ ∈ O×+F
}
and γk(s) =
(isΓ(s)Γ(k − s))n
[O×F : O×+F ]
.
In [3], we computed the Fourier expansion of Rs,k(z).
Proposition 6. The function Rs,k(z) has the following Fourier expansion:
Rs,k(z) =
∑
ν∈D−1
F
ν≫0
rs,k(ν) exp (2πiTr(νz)) ,
where
rs,k(ν) =
(2π)nsΓn(k − s)√
|dF |
N(ν)s−1 + (−1)n k2 (2π)
n(k−s)Γn(s)√
|dF |
N(ν)k−s−1
+ γk(s)
(2πi)nkN(ν)k−1
Γn(k)
√|dF |
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(
2πiTr
(
ν
d0
c
))
×
n∏
j=1
1F1
(
s, k,−2πiνj
ajcj
)
.
We also showed in [3] that Rs,k(z) can be expressed as follows:
Rs,k = (−1)n k2πn2n(2−k)Γn(k − 1)
∑
f∈Bk(OF )
Λ(f, s)
〈f, f〉 f, (4)
where Bk(OF ) is a basis of normalized Hecke eigenforms of Sk(SL2(OF )), and
Λ(f, s) = |dF |s(2π)−nsΓn(s)L(f, s).
Recall that Λ(f, s) satisfies the functional equation (see [7, page 654])
Λ(k − s) = (−1)n k2Λ(s). (5)
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4. PROOF OF THEOREM 2
In this section, we prove the main theorem of this paper following the recent work of Kohnen et al.
[5]. In view of the functional equation (5), it suffices to consider the left hand side of the critical
strip. Hence, we take s = k
2
− δ − it0 where ǫ < δ < 12 and t0 ∈ R.
Taking the first Fourier coefficients on both sides of (4) and using Proposition 6, we get
(2π)nsΓn(k − s)√|dF | + (−1)n
k
2
(2π)n(k−s)Γn(s)√|dF |
+
(−1)n k2 (2π)nkins√|dF |[O×F : O×+F ]
×
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(
2πiTr
(
d0
c
)) n∏
j=1
1f1
(
s, k,− 2πi
ajcj
)
= (−1)n k2πn2n(2−k)Γn(k − 1)
∑
f∈Bk(OF )
Λ(f, s)
〈f, f〉 , (6)
where
1f1
(
s, k,− 2πi
ajcj
)
=
Γ(k − s)Γ(s)
Γ(k)
1F1
(
s, k,− 2πi
ajcj
)
.
Taking the ℓ-th derivative of both sides with respect to s gives
1√|dF |
dℓ
dsℓ
[(2π)nsΓn(k − s)] + (−1)
n k
2√|dF |
dℓ
dsℓ
[
(2π)n(k−s)Γn(s)
]
+
(−1)n k2 (2π)nk√|dF |[O×F : O×+F ]
×
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
dℓ
dsℓ
[
N(c)s−k
N(a)s
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
c
)) n∏
j=1
1f1
(
s, k,− 2πi
ajcj
)]
= (−1)n k2πn2n(2−k)Γn(k − 1)
∑
f∈Bk(OF )
1
〈f, f〉
dℓ
dsℓ
(Λ(f, s)) , (7)
Let us consider first the expression
I1 =
1√|dF |
dℓ
dsℓ
[(2π)nsΓn(k − s)] .
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We have
I1 =
1√|dF |
ℓ∑
j=0
(
ℓ
j
)
dj
dsj
[(2π)ns]
dℓ−j
dsℓ−j
[Γn(k − s)]
=
1√|dF |
ℓ∑
j=0
(
ℓ
j
)
(n log (2π))j (2π)ns
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · ·νn!
∏
1≤t≤n
(−1)νtΓ(νt)(k − s)
=
(2π)ns√|dF |
ℓ∑
j=0
(−1)ℓ−j
(
ℓ
j
)
(n log (2π))j
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · ·νn!
∏
1≤t≤n
Γ(νt)(k − s)
=
(2π)ns√|dF | (n log(2π))ℓ Γn(k − s)
+
(2π)ns√|dF |
ℓ−1∑
j=0
(−1)ℓ−j
(
ℓ
j
)
(n log (2π))j
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · ·νn!
∏
1≤t≤n
Γ(νt)(k − s).
Hence,√|dF |I1
(2π)nsΓn(k − s) = (n log(2π))
ℓ
(8)
+
ℓ−1∑
j=0
(−1)ℓ−j
(
ℓ
j
)
(n log (2π))j
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · ·νn!
∏
1≤t≤n
Γ(νt)(k − s)
Γ(k − s) .
(9)
In [5], it is observed that Γ
(m)(z)
Γ(z)
can be expressed as a polynomial P ∈ Z[ψ, ψ(1), . . . , ψ(m)], where
ψ = Γ
′
Γ
is the digamma function. It is important to note that the highest power of ψ appearing in
the polynomial P is ψm.
We also recall the following important estimates of the digamma function:
ψ(z) ∼ log(z)− 1
2z
−
∞∑
k=1
B2k
2kz2k
ψ(m)(z) ∼ (−1)m−1
(
(m− 1)!
zm
+
m!
2zm+1
+
∞∑
k=1
B2k
(2k +m− 1)!
(2k)!z2k+m
)
,
for z →∞ in | arg(z)| < π, where Bn is the nth Bernoulli number (see [1, 6.3.18 & 6.4.11]).
For s = k
2
− δ + it0 with ǫ < δ < 12 , see that Γ
(νt)(k−s)
Γ(k−s)
= Pt (log(k − s)) + o(1) where Pt is a
polynomial with integer coefficients and degree νt. It follows that
∏
1≤t≤n
Γ(νt)(k − s)
Γ(k − s) =
∏
1≤t≤n
Pt (log(k − s)) + o(1).
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√|dF |I1
(2π)nsΓn(k − s) = (n log(2π))
ℓ
+
ℓ−1∑
j=0
(−1)ℓ−j
(
ℓ
j
)
(n log (2π))j
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · ·νn!
∏
1≤t≤n
Pt (log(k − s)) + o(1)
= P˜ (log(k − s)) + o(1),
where P˜ is a polynomial of degree ℓ and with leading coefficient (−1)ℓ∑ν1+···+νn=ℓ ℓ!ν1!···νn! .
Next, we deal with the sum
I2 =
(−1)n k2√|dF |
dℓ
dsℓ
[
(2π)n(k−s)Γn(s)
]
.
We have
I2 =
(−1)n k2 (2π)nk√|dF |
ℓ∑
j=0
(
ℓ
j
)
dj
dsj
[
(2π)−ns
] dℓ−j
dsℓ−j
[Γn(s)]
=
(−1)n k2 (2π)n(k−s)√|dF |
ℓ∑
j=0
(
ℓ
j
)
(−1)j (n log (2π))j
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · ·νn!
∏
1≤t≤n
Γ(νt)(s).
It follows that
√|dF |I2
(2π)nsΓn(k − s) = (−1)
n k
2 (2π)n(k−2s)
Γn(s)
Γn(k − s)
ℓ∑
j=0
(
ℓ
j
)
(−1)j (n log (2π))j
×
∑
ν1+ν2+···+νn=ℓ−j
(ℓ− j)!
ν1!ν2! · · · νn!
∏
1≤t≤n
Γ(νt)(s)
Γ(s)
.
If s = k
2
− δ + it0 with ǫ < δ < 12 , we have
√
|dF |I2
(2π)nsΓn(k − s) = (−1)
n k
2
+ℓ(2π)n(k−2s)(n log(2π))ℓ
Γn(s)
Γn(k − s)
+ (−1)n k2 (2π)n(k−2s) Γ
n(s)
Γn(k − s)
(
Q˜ (log(k − s)) + o(1)
)
,
where Q˜ is a polynomial of degree ℓ and with leading coefficient
∑
ν1+···+νn=ℓ
ℓ!
ν1!···νn!
.
Observe that (see [1, 6.1.23 & 6.1.47])∣∣∣∣ Γn(s)Γn(k − s)
∣∣∣∣ =
∣∣∣∣k2 + it0
∣∣∣∣
−2nδ
·
∣∣∣∣∣1 +O
(
1∣∣k
2
+ it0
∣∣n
)∣∣∣∣∣ ,
uniformly in ǫ < δ < 1
2
. It follows that
√
|dF |I2
(2π)nsΓn(k−s)
tends to 0 as k →∞.
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We still have to estimate the following sum:
I3 =
(−1)n k2 (2π)nk√|dF |[O×F : O×+F ]
×
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
dℓ
dsℓ
[
N(c)s−k
N(a)s
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
c
)) n∏
t=1
1f1
(
s, k,− 2πi
atct
)]
.
We have
I3 =
(−1)n k2 (2π)nk√|dF |[O×F : O×+F ]
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
N(c)−k
ℓ∑
j=0
N(c)s
N(a)s
log
(
N(c)
N(a)
)j
× d
ℓ−j
dsℓ−j
[
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
c
)) n∏
t=1
1f1
(
s, k,− 2πi
atct
)]
.
For 1 ≤ j ≤ ℓ− 1, we have
dℓ−j
dsℓ−j
[
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
c
)) n∏
t=1
1f1
(
s, k,− 2πi
atct
)]
=
ℓ−j∑
m=0
(
ℓ− j
m
)
exp
(
2πiTr
(
d0
c
))(π
2
in
)m
exp
(π
2
ins
) dℓ−j−m
dsℓ−j−m
[
n∏
t=1
1f1
(
s, k,− 2πi
atct
)]
=
ℓ−j∑
m=0
(
ℓ− j
m
)
exp
(
2πiTr
(
d0
c
))(π
2
in
)m
exp
(π
2
ins
)
×
∑
ν1+ν2+···+νn=ℓ−j−m
(ℓ− j −m)!
ν1!ν2! · · · νn!
n∏
t=1
(−1)νt d
νt
dsνt
1f1
(
s, k,− 2πi
atct
)
.
Therefore,
7
√
|dF |I3
(2π)nsΓn(k − s) =
(−1)n k2 (2π)n(k−s)
Γn(k − s)[O×F : O×+F ]
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
c
))
×
[
log
(
N(c)
N(a)
)ℓ n∏
t=1
1f1
(
s, k,− 2πi
atct
)
+
ℓ−1∑
j=0
log
(
N(c)
N(a)
)j ℓ−j∑
m=0
(
ℓ− j
m
)(π
2
in
)m
×
∑
ν1+ν2+···+νn=ℓ−j−m
(ℓ− j −m)!
ν1!ν2! · · ·νn!
n∏
t=1
(−1)νt d
νt
dsνt
1f1
(
s, k,− 2πi
atct
)]
.
Let us now consider the sums
E1,ℓ(s, k) =
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
c
))
× log
(
N(c)
N(a)
)ℓ n∏
t=1
1f1
(
s, k,− 2πi
atct
)
and
E2,ℓ(s, k) =
∑∗
(a,c)∈OF×OF
ac 6=0
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(
2πiTr
(
d0
c
))
exp
(π
2
ins
) ℓ−1∑
j=0
log
(
N(c)
N(a)
)j
×
ℓ−j∑
m=0
(
ℓ− j
m
)(π
2
in
)m ∑
ν1+ν2+···+νn=ℓ−j−m
(ℓ− j −m)!
ν1!ν2! · · ·νn!
n∏
t=1
(−1)νt d
νt
dsνt
1f1
(
s, k,− 2πi
atct
)
.
We have
E1,ℓ(s, k) =
∑
η∈O×+
F
c∈OF /O
×+
F
,
c 6=0
∑
a∈OF /O
×+
F
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(π
2
ins
)
exp
(
2πiTr
(
d0
ηc
))
× log
(
N(c)
N(a)
)ℓ n∏
t=1
1f1
(
s, k,− 2πi
atηtct
)
,
8
and
E2,ℓ(s, k) =
∑
η∈O×+
F
c∈OF /O
×+
F
,
c 6=0
∑
a∈OF /O
×+
F
gcd(a,c)=1
N(c)s−k
N(a)s
exp
(
2πiTr
(
d0
ηc
))
exp
(π
2
ins
)
×
ℓ−1∑
j=0
log
(
N(c)
N(a)
)j ℓ−j∑
m=0
(
ℓ− j
m
)(π
2
in
)m
×
∑
ν1+ν2+···+νn=ℓ−j−m
(ℓ− j −m)!
ν1!ν2! · · · νn!
n∏
t=1
(−1)νt d
νt
dsνt
1f1
(
s, k,− 2πi
atηtct
)
.
To deal with E1,ℓ(s, k) and E2,ℓ(s, k), we need the following lemma.
Lemma 7. Let s = k
2
− δ + it0 where ǫ < δ < 12 and t0 ∈ R. Let ℓ be a non-negative integer. For
all x ∈ R and all sufficiently large k, we have
dℓ
dsℓ
(1f1 (s, k, ix))≪ℓ min
{
1, |x|−1 (|s− 1|+ |k − s− 1|)} .
Proof. By [1, 13.2.1], we have
1f1 (s, k, ix) =
∫ 1
0
exp(ixu)us−1(1− u)k−s−1 du.
It follows that |1f1 (s, k, ix)| ≤ 1 whenever ℜ(s) > 1 and ℜ(k − s) > 1. Moreover, by differenti-
ating both sides with respect to s, we get
dℓ
dsℓ
(1f1 (s, k, ix))≪ℓ 1 (10)
for any non-negative integer ℓ (see [5, page 326]). On the other hand, integration by parts yields
1f1 (s, k, ix) =
∫ 1
0
exp(ixu)us−1(1− u)k−s−1 du
= −s− 1
ix
∫ 1
0
exp(ixu)us−2(1− u)k−s−1 du
+
k − s− 1
ix
∫ 1
0
exp(ixu)us−1(1− u)k−s−2 du.
Taking the ℓ-th derivative of both sides with respect to s yields
9
dℓ
dsℓ
(1f1 (s, k, ix)) = − 1
ix
∫ 1
0
exp(ixu)us−2(1− u)k−s−2 du
− s− 1
ix
∫ 1
0
exp(ixu)
ℓ∑
j=0
(−1)ℓ−j
(
ℓ
j
)
(log u)jus−2(log(1− u))ℓ−j(1− u)k−s−1 du
+
k − s− 1
ix
∫ 1
0
exp(ixu)
ℓ∑
j=0
(−1)ℓ−j
(
ℓ
j
)
(log u)jus−1(log(1− u))ℓ−j(1− u)k−s−2 du.
Hence,
dℓ
dsℓ
(1f1 (s, k, ix))≪ℓ |x|−1 (|s− 1|+ |k − s− 1|) (11)
whenever ℜ(s) > 2 and ℜ(k − s) > 2. The desired result follows from (10) and (11). 
Lemma 8. Let s = k
2
− δ + it0 where ǫ < δ < 12 and t0 ∈ R. As k → ∞, we have E1,ℓ(s, k) =
O(kn) and E2,ℓ(s, k) = O(k
n) where the implicit constants depend only on ℓ, t0, δ and the field F .
Proof. Upon taking absolute values, we get
|E2,ℓ(s, k)| ≤
∑
η∈O×+
F
∑
c∈OF /O
×+
F
,
c 6=0
∑
a∈OF /O
×+
F
gcd(a,c)=1
|N(c)|− k2−δ|N(a)|δ− k2
ℓ−1∑
j=0
∣∣∣∣log
(
N(c)
N(a)
)∣∣∣∣
j
×
ℓ−j∑
m=0
(
ℓ− j
m
)(π
2
n
)m
exp
(π
2
nt0
)
×
∑
ν1+ν2+···+νn=ℓ−j−m
(ℓ− j −m)!
ν1!ν2! · · ·νn!
n∏
t=1
∣∣∣∣ dνtdsνt 1f1
(
s, k,− 2πi
atηtct
)∣∣∣∣ .
By Lemma 7, we know that
dνt
dsνt
(1f1 (s, k, ix))≪νt (|s− 1|+ |k − s− 1|)
∣∣∣∣ 2πηjajcj
∣∣∣∣
−ωj
,
where ωj is either 0 or 1 depending on whether |ηj| ≥ 1 or |ηj| < 1 respectively. Hence, we get
n∏
j=1
∣∣∣∣ dνtdsνt (1f1 (s, k, ix))
∣∣∣∣≪νt (|s− 1|+ |k − s− 1|)n ∏
|ηj |<1
∣∣∣∣ 2πηjajcj
∣∣∣∣
−1
.
It follows that E2,ℓ(s, k) is
≪ (|s− 1|+ |k − s− 1|)n
∑
η∈O×+
F
∑
c∈OF /O
×+
F
,
c 6=0
∑
a∈OF /O
×+
F
gcd(a,c)=1
∏
|ηj |<1
∣∣∣ 2πηjajcj
∣∣∣−1
|N(c)| k2+δ−ǫ|N(a)| k2−δ+ǫ
. (12)
By Lemma 4, we may assume that the representatives a, c ∈ OF/O×+F in (12) satisfy
N(a)1/n ≪ aj ≪ N(a)1/n and |N(c)|1/n ≪ cj ≪ |N(c)|1/n,
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for all j ∈ {1, · · · , n} with implicit constants depending only on F . Therefore, we have
E2,ℓ(s, k)≪ kn
∑
η∈O×+
F
∏
|ηj |<1
|ηj|
∑
c∈OF /O
×+
F
,
c 6=0
∑
a∈OF /O
×+
F
gcd(a,c)=1
|N(c)|− k2+1−δ+ǫ|N(a)|− k2+1+δ−ǫ.
Lemma 5 allows us to factor out the sum over all η ∈ O×+F since it is convergent and depends only
on F . Thus, we get E2,ℓ(s, k) = O(k
n) for sufficiently large k as desired. We also emphasize that
the implied constant in this estimate depends only on δ, t0, ℓ and the field F . The sum E1,ℓ(s, k) is
treated similarly, and so we will not include the details here. 
It follows from Lemma 8 that √|dF |I3
(2π)nsΓn(k − s) ≪
kn(2π)n
k
2∣∣Γn(k
2
+ δ − it0)
∣∣ ,
which tends to 0 as k →∞. Moreover, we have already established that as k →∞ we have√|dF |I2
(2π)nsΓn(k − s) → 0,
where as √|dF |I1
(2π)nsΓn(k − s) ∼ P˜ (log(
k
2
+ δ − it0)),
for some polynomial P˜ of degree ℓ. Applying these estimates to (7), we conclude that∑
f∈Bk(OF )
1
〈f, f〉
dℓ
dsℓ
(Λ(f, s))
is non-vanishing for any s = k
2
− δ + it0 with ǫ < δ < 12 and t0 ∈ R.
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